Abstract. Elementary geometric arguments are used to compute the group of homotopy classes of maps from a 4-manifold X to the 3-sphere, and to enumerate the homotopy classes of maps from X to the 2-sphere. The former completes a project initiated by Steenrod in the 1940's, and the latter provides geometric arguments for and extensions of recent homotopy theoretic results of Larry Taylor. These two results complete the computation of all the cohomotopy sets of closed oriented 4-manifolds and provide a framework for the study of Morse 2-functions on 4-manifolds, a subject that has garnered considerable recent attention.
Recall that the 4-manifold X is odd if it contains at least one closed oriented surface of odd self-intersection, and otherwise it is even. It is spin if every surface in X, orientable or not, has even self-intersection, or equivalently the second Stiefel-Whitney class w 2 (X) = 0. Theorem 1. If X is odd, then the forgetful map h 1 : F 1 (X) → H 1 (X) is an isomorphism. If X is even, then there is an extension of abelian groups (e) 0 −→ Z 2 −→ F 1 (X)
classified by the unique element of Ext(H 1 (X), Z 2 ) that maps to w 2 (X) in the universal coefficient sequence 0 → Ext(H 1 (X), Z 2 ) → H 2 (X; Z 2 ) → Hom(H 2 (X), Z 2 ) → 0 . In particular (e) splits, or equivalently F 1 (X) ∼ = H 1 (X) ⊕ Z 2 , if and only if X is spin.
Remark. As stated, Theorem 1 is also true for non-compact 4-manifolds X. The proof given in Section 1 easily adapts to this case. In fact, as noted by the referee, the smoothness assumption can be dropped as well since topological 4-manifolds can be smoothed away from a point (in the closed case).
The set π 3 (X) was first investigated by Steenrod [20] , building on work of Pontryagin [17] and Eilenberg [4] , in the more general context of the study of maps from an arbitrary finite complex to a sphere of codimension one. Steenrod succeeded in enumerating the elements of π 3 (X), but did not address the question of its group structure. Recently, this group structure was analyzed by Larry Taylor [22] from a homotopy theoretic point of view, building on work of Larmore and Thomas [12] . We discuss in Remark 1.4 below how Taylor's Theorem 6.2 can be interpreted in a way that it implies our Theorem 1.
Theorem 2. The set π 2 (X) ∼ = F 2 (X) is a "sheaf of torsors" over the discrete space H • 2 (X) of classes in H 2 (X) of self-intersection zero. More precisely, the forgetful map h 2 : F 2 (X) → H 2 (X) has image equal to H • 2 (X). The fiber F α 2 := h −1 2 (α) over any α ∈ H • 2 (X) has a transitive F 1 (X)-action by framed link translation (defined in Section 2 below), with stabilizer equal to the image of the map τ α : F 3 (X) → F 1 (X) that records twice the intersection with any framed surface representing an element in F α 2 . Thus F α 2 is an F α 1 -torsor, where F α 1 := coker(τ α ).
This computation of π 2 (X) provides a framework for the study of Morse 2-functions on 4-manifolds, a subject that has garnered considerable recent attention (see for example [2] [7] [3] [13] [1] [25] [8] [9] [10] [26] ) and that was the original motivation for our work. † It should be noted that Theorem 2 can be deduced from Taylor's Theorem 6.6 in [22] , which applies to a general 4-complex, although the two proofs are completely different. Our differential topological approach gives a more geometric perspective, and also provides an answer to a question that was left open in [22, Remark 6.8] regarding the existence of 4-manifolds of type III 1 ; see the end of Section 0 and Example 2.5.
In fact, there is a homotopy theoretic version of Theorem 2 that applies to a general CW-complex. It is the special case (G, T ) = (S 3 , S 1 ) of the following theorem, which in turn follows from the existence of the fiber bundle G/T → BT → BG constructed at the beginning of Section 3 (where we also explain the necessary translations).
Theorem 3. Let G be a topological group and T be a closed abelian subgroup of G. For any CW-complex X there is an "exact sequence"
in the following sense: A map X → BT lifts to a map X → G/T if and only if it becomes null homotopic when composed with the map BT → BG induced by the inclusion T ֒→ G. Moreover, the natural action of the group [X, G] on the set [X, G/T ] is transitive on the fibers of h and the stabilizer of u : X → G/T equals the image of the homomorphism
which is induced by the continuous map κ : G/T × T → G defined by κ(gT, t) = gtg −1 .
If G is a compact connected Lie group with maximal torus T , we invite the reader to check that the degree of κ equals the order of the corresponding Weyl group. This gives a satisfying explanation for the factor of 2 in Theorem 2, as the order of the Weyl group † A Morse 2-function on X is a "generic" map X → S 2 . Every smooth, closed, connected, oriented 4-manifold admits such a fibration, in fact, one with no "definite folds" and with connected fibers. Furthermore, the moves generating homotopic fibrations have been determined. This sets the stage for a new approach to the study of smooth 4-manifolds.
of the Lie group S 3 . We suspect that for non-maximal T the map κ is null homotopic; it certainly does factor through a manifold of lower dimension.
Preliminaries
The proofs of Theorems 1-3 are given in the correspondingly numbered sections below. In this preliminary section, we first recall the classical arguments that
and that all homology classes in X below the top dimension are represented by embedded submanifolds (recall that X is assumed smooth) -a fact that we will often appeal to. We then set the context for our proofs of Theorems 1 and 2, in which π 3 (X) and π 2 (X) are computed, introducing a notion of "twisted" homology classes, and discussing a partition of 4-manifolds into types I, II, III 1 and III 2 from properties of their intersection forms.
Classical computations.
The generator v : S n → K(Z, n) is a homotopy equivalence for n = 1, which implies that
we have π n (X) = [X, S n ] ∼ = H n (X) when n = 1 or n ≥ 4, as stated above. (Note that the case n = 4 was first proved by Hopf, and the cases n > 4 are immediate from general position.)
A similar discussion applies to the Thom class u : M SO(n) → K(Z, n), where M SO(n) is the Thom-space of the universal bundle over the oriented Grassmannian BSO(n). The map u is a homotopy equivalence for n = 1 or 2, and in general is (n + 2)-connected [23] . Hence u induces an isomorphism [Y, M SO(n)] ∼ = H n (Y ) for any (n+1)-complex Y , and so for X 4 we have [X, M SO(n)] ∼ = H n (X) for all n > 0. Now the oriented Pontryagin-Thom construction gives a diagram like the first of this paper, with S n replaced by M SO(n) and normal framings replaced by normal orientations. It follows that for k < 4, the group H k (X) is isomorphic to the set L k (X) of closed oriented k-dimensional submanifolds of X, up to oriented bordism in X × [0, 1]. Note that the orientation of X allows us to translate normal orientations on submanifolds into tangential orientations.
Similarly, using the Thom class M O(n) → K(Z 2 , n) one can conclude that for k < 4 but
(see [23] and also [6] ) so classes in H 2 (X; Z 2 ) are still represented by submanifolds. In the following, we will frequently use these interpretations of homology classes in terms of submanifolds in X. In particular, the forgetful maps h n : F n (X) → H n (X) are then just given by only remembering the orientation from a framing. The reduction mod 2 map H n (X) → H n (X; Z 2 ) forgets the orientation on the submanifold.
Twisted classes.
Our study of the framed bordism sets F 1 (X) and F 2 (X) will feature two special subsets T 1 (X) ⊂ Tor 2 (H 1 (X)) and T 2 (X) ⊂ H • 2 (X), whose elements we call twisted classes. Here Tor 2 (H 1 (X)) denotes the subgroup of H 1 (X) of all elements of order at most 2, and H • 2 (X) denotes the subset of H 2 (X) of all classes of self-intersection zero.
To define these subsets, first observe that F 1 (X) is an abelian group with respect to the operation of disjoint union, and that the forgetful map h 1 : F 1 (X) → H 1 (X) is an epimorphism. Each κ ∈ H 1 (X) is represented by a knot whose normal bundle has exactly two trivializations (up to homotopy) since π 1 SO(3) = Z 2 . If the resulting pair of framed knots are framed bordant, then they represent the unique element in the preimage h −1 1 (κ), and if not, then they represent the two distinct elements in h −1 1 (κ). Thus h 1 is either an isomorphism or a two-to-one epimorphism (Theorem 1 refines this statement). Now consider the image subgroup S 1 (X) under h 1 of the 2-torsion subgroup of F 1 (X), and define T 1 (X) to be its complement in Tor 2 (H 1 (X)):
and
Evidently h 1 splits over S 1 (X) (that is, there is a homomorphism s : S 1 (X) → F 1 (X) with h 1 • s = id) and so we refer to the elements in S 1 (X) as split classes. The elements in T 1 (X), which we call twisted classes, are exactly those 2-torsion classes that generate subgroups over which h 1 does not split. In geometric terms, if a twisted class is represented by a knot K, then K, equipped with either framing, represents an element of order 4 in F 1 (X). Clearly T 1 (X) is nonempty if and only if h 1 does not split over H 1 (X), and in this case it is the nontrivial coset of the index two subgroup S 1 (X) ⊂ Tor 2 (H 1 (X)).
A class in H • 2 (X) will be called twisted if its intersection with at least one 3-dimensional homology class in X is a twisted 1-dimensional class:
Evidently T 2 (X) is empty when T 1 (X) is empty, but as will be seen below, the converse may fail.
4-manifold types I, II and III.
The parity of the 4-manifold X is determined by the self-intersections of the orientable surfaces in X. If they are all even, then X is said to be even, and otherwise it is odd. The even ones includes all the spin 4-manifolds -those whose tangential structure groups lift to Spin(4) -which are characterized by the condition that all surfaces in X, orientable or not, have even self-intersections (only defined modulo 2 for non-orientable surfaces); by the Wu formula, this is equivalent to the condition w 2 (X) = 0. As is customary, we say X is of type I, II or III, according to whether it is odd, spin, or even but not spin.
All 4-manifolds of type III must have 2-torsion in their first homology. In fact by Theorem 1 (proved in the next section) X is of type III if and only if H 1 (X) contains twisted classes, i.e. T 1 (X) is nonempty. The simplest such manifold is the unique nonspin, oriented 4-manifold E that fibers over RP 2 with fiber S 2 . This manifold is even since the fiber, which generates H 2 (E; Z) = Z 2 , has zero self-intersection, whereas any section has odd self-intersection. A handlebody picture of E, minus the 3 and 4-handle, is shown in Figure 1 (a) using the conventions of [11, Ch.1] . The generator of H 1 (E), represented by the core of the obvious Mobius band bounded by the (attaching circle of the) 1-framed 2-handle, is a twisted 1-dimensional class.
Note that E is one of a doubly indexed family of 4-manifolds E n,k shown in Figure 1 
Here n is the linking number between the dotted circle (the 1-handle) and the k-framed 2-handle. Alternatively, these manifolds can described as the boundaries of S 1 × B 4 with a single 2-handle added. An easy exercise in link calculus (or even easier 5-dimensional argument) shows that for fixed n, the diffeomorphism type of E n,k depends only on the parity of k when n is even, and is independent of k when n is odd. Thus there
are really only two such manifolds E n,0 and E n,1 when n is even, and only one E n,0 when n is odd. The E n,0 's are all of type II, while the E n,1 's (for even n) are all of type III. These manifolds will feature as building blocks for our examples below.
Types III 1 and III 2 .
When computing their second framed bordism sets, the 4-manifolds X of type III will be seen to display the most interesting behavior, suggesting a partition into two subclasses: X is of type III 1 if it contains some twisted 2-dimensional classes, i.e. T 2 (X) is nonempty, and is otherwise of type III 2 . Thus the 4-manifolds of type III 1 are exactly those for which some of their twisted 1-dimensional classes (which they have because they are of type III) arise as intersections of homology classes of dimensions 2 and 3.
There exist 4-manifolds of both subtypes. In particular, the E n,1 's for even n are all of type III 2 since they have vanishing third homology. In Example 2.5, we will construct a 4-manifold of type III 1 , which answers a question raised in [22, Remark 6.8] . It will be shown in Remark 2.2 that with regard to their cohomotopy theory, the manifolds of type III 1 behave more like odd manifolds, while those of the type III 2 behave more like spin manifolds, which explains the choice of subscripts.
Computation of the group
As noted in the introduction, the set F 1 (X) of framed bordism classes of framed links in X is an abelian group under the operation of disjoint union. This operation corresponds to the product in π 3 (X) inherited from the group structure on the target 3-sphere. Indeed, given two maps f 1 , f 2 : X → S 3 , one can pull back regular values to get disjoint framed links
Up to homotopy, f i is given by mapping L i to 1, wrapping the disk fibers in T i around the 3-sphere using the framing, and mapping X − T i to −1. It follows that the product f 1 f 2 has −1 as a regular value, with pre-image equal to the (disjoint) union L 1 ∪ L 2 . This yields an easy indirect proof that π 3 (X) is abelian; there is also a direct proof, well known to homotopy theorists, following from the observation that S 3 can be replaced with the fiber of the map
It is evident that the forgetful map
sending the bordism class of a framed link to the homology class of the underlying link, is a surjective homomorphism. Claim 1.1. The kernel of h 1 is either trivial or cyclic of order two, according to whether X is an odd or even 4-manifold.
This fact was known to Steenrod. In his 1947 paper [20] (where he introduced his squaring operations) he identified the kernel of the map h 1 : π 3 (X) → H 3 (X) dual to h 1 with the cokernel of the squaring map Sq 2 :
of integral classes, this cokernel is 0 or Z 2 according to whether X is odd or even.
Thus for odd X we have
as asserted in Theorem 1.
For completeness, we provide a geometric proof of Claim 1.1, in terms of framed links, which also yields a simple description for the map u 1 in (e) : Any element in ker(h 1 ) is represented by an unknot U ⊂ X with one of its two possible framings. Exactly one of these framings extends over any given proper 2-disk D in X × I bounded by U . Let U 0 denote the resulting 0-framed unknot (this may depend on the choice of D) and U 1 denote U with the other framing. Then clearly
and is of order at most two. The claim is that
, then capping off the boundary of a framed bordism in X × I from U 0 to U 1 and projecting to X produces a (singular) surface of odd self-intersection, so X is odd. Conversely, if X is odd, then removing two disks from an embedded oriented surface in X of odd self-intersection and then "tilting" this surface in X × I gives a framed bordism between U 0 and U 1 . This proves the claim, and shows that in the even case, the map u 1 in (e) sends the generator of
To complete the proof of Theorem 1, it remains to show that the element e X in Ext(H 1 (X), Z 2 ) defined by the extension (e) maps to the Stiefel-Whitney class w 2 (X) under the monomorphism
in the universal coefficient sequence for X.
To see this, first recall the definition of δ. View Ext(H 1 (X), Z 2 ) as coker(i * ), where i : B 1 → Z 1 is the inclusion of singular 1-boundaries to 1-cycles in X. Then δ maps the equivalence class of a functional φ : B 1 → Z 2 to the cohomology class of the cocylce φ∂, where ∂ :
Alternatively, δ can be viewed as the dual of the Bockstein homomorphism
To explain this, we appeal to:
There is a classical method for describing extensions by 2-torsion groups T due to Eilenberg and MacLane [5, Theorem 26.5] . Let A and B be abelian groups fitting into an extension
Given any b ∈ Tor 2 (B), choose a ∈ A with h(a) = b. Then there exists t ∈ T such that u(t) = 2a, and it is easy to check that t is uniquely determined by b because T consists of 2-torsion only. In fact, this leads to a homomorphism of groups Tor 2 (B) → T , inducing an isomorphism Ext(B, T ) ∼ = Hom(Tor 2 (B), T ).
For the case at hand we have Ext(
, where z is any integral cycle representing a 2-torsion element in H 1 (X). From this one can easily check that the diagram
commutes, which is the sense in which δ and β are dual. Now e X is represented by any functional f : B 1 → Z 2 for which the diagram
commutes; see for example Spanier [19, §5.5.2] . This requires an initial choice of a map g making the right square commute, and then f is forced. A different choice of g will only change f by the restriction of a functional on Z 1 , and so its equivalence class
Under the identification Ext(H 1 (X), Z 2 ) ∼ = Tor 2 (H 1 (X)) * , the element e X corresponds to the "characteristic functional"
whose kernel is subgroup S 1 (X) of split classes, introduced in Section 0. Thus if K is a knot of order 2 in H 1 (X), then w(K) = 0 or 1 according to whether K (endowed with either framing) has order 2 or 4 in F 1 (X), or equivalently, whether 2K (meaning two copies of K with the same framing on each) is framed bordant to U 0 or to U 1 . Note that up to framed bordism, the framing on 2K does not depend on the choice of framing on K, since this choice is being doubled.
Thus to prove δ(e X ) = w 2 (X), we must show that the functional w 2 ∈ H 2 (X; Z 2 ) * corresponding to w 2 (X) is equal to the composition w • β. But β sends the class of a surface F to the class of any curve C that is characteristic in F , meaning Poincaré dual to w 1 (F ), † and w 2 reports self-intersections, by the Wu formula, so it remains to show (w)
for any surface F ⊂ X and characteristic curve C in F .
If F is orientable, both sides of equation (w) vanish since C is empty and X is even. If F is non-orientable, we can choose C to be connected (it is then characterized up to homology by the orientability of its complement F − C) with closed tubular neighborhood † This is well known, and easily verified. Note that C does in fact represent an element in Tor2(H1(X)): It is null-homologous when F is orientable, and of order 2 in H1(F ) otherwise, since F can then be viewed as an integral 2-chain with boundary 2C. N in F . Then N is either an annulus or a Möbius band, according to whether C is orientation preserving or orientation reversing in F . In either case, ∂N is bordant in X to 2C; the bordism B is trivial when N is an annulus, and a pair of pants when N is a Möbius band, as indicated in Figure 2 with one suppressed dimension. Starting with any framing on C in X, the induced framing on 2C extends across B (tilted in X × I) to give a normal framing e = (e 1 , e 2 , e 3 ) on ∂N . We can assume that e 1 is normal to N along ∂N , pointing in the suppressed direction in the figure, e 2 is shown there by the thin push-off, and e 3 is determined by e 1 , e 2 and the orientation on ∂N . Then e 1 extends to a normal vector field across all of N , and since F − N is orientable, across the rest of F off of a disk D; we use this vector field to push F − D off itself in order to compute F · F . Similarly, there is no obstruction to extending the framing e on ∂N across F − (N ∪ D) (tilted in X × I) to give a framing on the unknot U = ∂D, which we also call e. By construction 2C is framed bordant to U e . Now the mod 2 self-intersection F · F is 0 or 1 according to whether the framing e on U = ∂D extends over D or not, or equivalently, whether U e is framed bordant to U 0 or U 1 . Thus by definition F · F = w(C), proving equation (w) and completing the proof of Theorem 1. Example 1.3. If H 1 (X) has no 2-torsion, then it is immediate from the theorem that F 1 (X) is isomorphic to H 1 (X) or to H 1 (X) ⊕ Z 2 , depending upon whether X is odd or even. In particular for X simply connected, F 1 (X) is trivial when X is odd, and isomorphic to Z 2 when it is even.
where A has no 2-torsion. For each i = 1, . . . , n let C i be a knot in X representing 2 k i −1 times the generator of the i th summand above. Then C 1 , . . . , C n generate Tor 2 (H 1 (X)). Now recall the functional w : Tor 2 (H 1 (X)) −→ Z 2 from the proof of the theorem, given by w(C) = F · F (mod 2), where F is any surface in X in which C is characteristic. If w ≡ 0, or equivalently X is spin, then of course
Otherwise choose the smallest i for which w(C i ) = 1, and rewrite
where B incorporates the remaining summands. Then
This is a consequence of the identity w • β = w 2 established in the proof of the theorem.
From this observation, it is easy to construct 4-manifolds X with H 1 (X) arbitrary, and with F 1 (X) equal to any prescribed Z 2 -extension of H 1 (X). For example, to get
, take X to be the connected sum of the even manifold E 2 k ,1 with suitable E n,0 's (see Figure 1) . The special case F 1 (E 2,1 ) = Z 2 and F 1 (E 2,1 ) = Z 4 was noted in Example 6.4 of Taylor [22] . Remark 1.4. We explain here how Theorem 1 can be deduced from Taylor's Theorem 6.2 in [22] . As noted on page 6 above, Steenrod [20, Theorem 28 .1] constructed an extension
for any 4-complex X, where T = coker( Sq 2 : H 2 (X) → H 4 (X; Z 2 ) ); see Taylor [22, 6.1] .
By Remark 1.2, this extension is classified by a homomorphism ε X : Tor 2 (H 3 (X)) → T.
The Bockstein homomorphism induces an isomorphism
and the Steenrod square Sq 2 :
With a little bit of work, the statement of Theorem 6.2 in [22] can be interpreted as saying
Since Sq 2 (x) = x ∪ x, this statement implies our Theorem 1.
More directly, the dual of Taylor's Theorem 6.2 for the case n = 3 and k = 1 is exactly the assertion (w), which is the key step in our proof of Theorem 1.
Computation of the set
The forgetful map h 2 : F 2 (X) −→ H 2 (X) sends the bordism class of a framed surface in X to the homology class of the underlying oriented surface. The image of h 2 is the set H • 2 (X) of all classes in H 2 (X) of selfintersection zero, that is, those represented by surfaces in X with trivial normal bundle. Thus to compute F 2 (X), it suffices for each α ∈ H • 2 (X) to classify up to framed bordism the framings on surfaces representing α, that is, to enumerate the framed bordism classes in the fiber F
. To accomplish this, fix a surface F representing α and choose a framing ν of the normal bundle of F . Then F ν represents one element in F α 2 , and all others arise as "framed link translates" of F ν , in the following sense:
Let L be an oriented link in X with normal framing e = (e 1 , e 2 , e 3 ). We can assume that L is disjoint from F , after an isotopy if necessary. Now form a new framed surface L e· F ν , called the L e -translate of F ν , by adjoining one new framed torus T τ (e) for each component K of L, where T is the boundary of a small 3-dimensional solid torus thickening V of K in X in the direction of e 1 and e 2 . This is illustrated schematically in Figure 3 .
To describe the framing τ (e) = (τ 1 , τ 2 ) on T precisely, we set up coordinates as follows. Identify a small tubular neighborhood of K in X with S 1 × B 3 via the framing e, with K = S 1 × 0. Then set
where D is the equatorial disk B 3 ∩ e 1 , e 2 , as shown in Figure 4 (a) at a crossection pt × B 3 . Now we require τ to spin once relative to the "constant" framing (∂ r , ∂ z ), using cylindrical coordinates (r, θ, z) in B 3 , so that in particular it does not extend across the disk Figure 3 . The framed link translate of a framed surface fibers of V pushed into X ×I. Explicitly τ 1 = ∂ r cos θ+∂ z sin θ and τ 2 = −∂ r sin θ+∂ z cos θ at any pt × (1, θ, 0) ∈ T , as illustrated in Figure 4 (b) by showing (up to homotopy) the tip of τ 1 in each frame. Figure 4 . The framed torus T = ∂V associated with the framed knot K Remark 2.1. The 0-framed unknot U 0 acts trivially on any framed surface F ν , that is U 0· F ν is framed bordant to F ν . We leave this as an instructive exercise for the reader. Of course in general, L e· F ν need not be framed bordant to F ν . For example, if F ν is a framed 2-sphere in S 4 (note that all framings on embedded 2-spheres in 4-manifolds are isotopic since π 2 SO(2) = 0) then U 1· F ν is not framed bordant to
There is an another more direct way to modify the framing ν using a link L lying on F . Simply add a full right handed twist in the normal fibers along any transverse arc to L in F . This results in a new framing on the same surface, which we call the L-twist of ν and, by abuse of notation, denote by ν + L.
In fact any framingν on F can be obtained in this way. Indeedν = ν + L where L is any embedded representative of the Poincaré dual of the cohomology class in H 1 (F ) (with integer coefficients) that measures the differenceν − ν (meaning that this difference on any given 1-cycle in F is k full right handed twists, where k is the intersection number of the cycle with L). Thus any two framings on F are related by "link twists".
It will be seen in the proof of the "action lemma" below that F ν+L is framed bordant to L e· F ν , where e is the framing on L given by ν together with the normal to L in F , and so link twisting can be thought of as a special case of framed link translation. Action Lemma. Framed link translation defines an action of the group F 1 (X) on the set
The orbit of [F ν ] under this action is the set F α 2 of all classes of framed surfaces that, forgetting the framing, represent α = [F ] ∈ H 2 (X).
Proof. Since addition in F 1 (X) is disjoint union, it is clear that the operation · in the lemma defines an action provided it is well-defined. To see that it is in fact well-defined, assume that L e andLê are bordant via a framed surface E 2 ⊂ X × I, and that F ν andFν are bordant via a framed 3-manifold Y 3 ⊂ X × I. We must show that L e· F ν andLê ·Fν are framed bordant.
To do so, first adjust E and Y to intersect transversally in finitely many points x 1 , . . . , x n . Then "pipe" these intersections to the upper boundaryF of Y in the usual way: Choose disjoint arcs γ i in Y joining the points x i to points y i inF , and thicken these into disjoint solid cylinders γ i × D in Y that meet E and X × 1 in disks E i = x i × B 2 and D i = y i × B 2 ; the D i are meridional disks forF in X × 1. Now construct a new surfaceÊ, removing the disks E i from E and replacing them with the cylinders γ i × ∂B 2 , and then rounding corners. The framing on E clearly extends acrossÊ, restricting to the 0-framing on each unknot ∂D i . ThusÊ provides a framed bordism between L e· F ν and (Lê + L 0 ) ·Fν , where L 0 is a 0-framed unlink in X. But as noted in Remark 2.1 above, L 0 acts trivially, and so L e· F ν andLê ·Fν are framed bordant.
To complete the proof of the action lemma, we must show that any framed surfaceFν belonging to F α 2 is framed bordant to F ν acted on by some framed link L e . We can assume that F andF are connected, and by hypothesis, they are bordant. Hence we can find a bordism Y from F toF with only 1 and 2-handles. The framing ν extends (not uniquely) over the 1-handles to give a normal framing on the middle level of Y . Similarly,ν onF extends to a normal framing on the middle level. Abusing notation, call the middle level F and the two normal framings ν andν. Now let L be a link in F representing the Poincaré dual of the cohomology class in H 1 (F ) that measures the differenceν − ν, and soν = ν + L in the notation above. Then L acquires a framing e by appending its normal vector field in F onto ν, and we propose to show that F ν+L is framed bordant to L e· F ν .
To that end, we first "blister" L. That is, we create a 3-dimensional bordism Y 3 obtained from F × I (using the first vector of ν) by removing an open disk bundle neighborhood of L × 1/2 so that ∂Y = (F × 0) ∪ (F × 1) ∪ T where T is the torus boundary of the disk bundle. Then "tilt"
The framing e on L induces a framing τ (e) on T by the link translation construction above. Together these give a framing ν ∪ τ (e) on (F × 0) ∪ T that extends over Y by adding an extra full twist when going past the arc α = Y ∩ (L × [1/2, 1]), the sign of the twist depending on the orientations of L and F . By construction, this framing restricts tô ν = ν + L on F × 1. This is shown in Figure 5 with two of the five dimensions suppressed, one tangent to F and the other normal to F in X. Thus we have constructed a framed bordism Y between F ν ∪ T τ (e) = (F × 0) ν ∪ T τ (e) and Fν = (F × 1)ν, and the former is the action of L e on F ν . This completes the proof.
By the action lemma, the classes in F α 2 = h −1 2 (α) correspond to the cosets in F 1 (X) of the stabilizer F 1 (X) α of any chosen α = [F ν ] in F α 2 under the F 1 (X)-action. We will show Figure 5 . Blistering the link L that this stabilizer is exactly twice the image of the framed intersection map
that sends (the class of) an oriented 3-manifold Y in X with normal n to its transverse intersection with F , framed by (ν, n). Note that n is determined (up to homotopy) by the orientation on Y , using the convention that (τ, n) should frame T X over Y for any oriented framing τ of T Y , and so i α can be viewed as a map H 3 (X) → F 1 (X). A straightforward transversality argument shows that i α is a well defined homomorphism.
Since there are only two framings on any 1-dimensional link in X, up to framed bordism, the map 2i α depends only on α (independent of the choice of α) and so we denote it by
Thus we claim that F 1 (X) α = im(τ α ). This will complete the proof of Theorem 2, restated below. The first part of the theorem is just a summary of the discussion above, with the action lemma providing the proof that the F 1 (X)-action on F α 2 is transitive. Theorem 2. The forgetful map h 2 : F 2 (X) → H 2 (X) has image equal to the set H • 2 (X) of all classes of self-intersection zero. The fiber F α 2 = h −1 2 (α) over any α ∈ H • 2 (X) has a transitive F 1 (X)-action by framed link translation (defined above) with stabilizer equal to the image of the map τ α : F 3 (X) → F 1 (X) that records twice the intersection with any framed surface representing an element in F α 2 . Thus F α 2 is in (non-canonical) one-to-one correspondence with the cokernel F α 1 of τ α .
Proof. Given a class α ∈ H • 2 (X), fix an oriented surface F in X representing α and a framing ν = (n 1 , n 2 ) of its normal bundle. Set α = [F ν ] ∈ F α 2 and let F 1 (X) α denote the stabilizer of α under the F 1 (X)-action on F α 2 . It remains to prove
We first verify the inclusion
Let Y ⊂ X be an oriented 3-manifold transverse to F , and L = Y ∩ F with framing e = (n 1 , n 2 , n), where n is the oriented normal to Y in X. Thus L e represents a typical element of im(i α ). Now identify X with X × 1/2. Then Y ⊂ X × I has a natural framing (n, t), where t is tangent to the I-factor, as does F × I, given by ν at all levels. The union Y ∪ (F × I) is a framed, immersed submanifold of X × I which has, using the framing ν on F × ∂I, self-intersection equal to two copies of L. We propose to replace this with an embedded submanifold, keeping track of how the framing changes. This is analogous to the well known case of a 2-sphere S immersed in the 4-sphere with one positively oriented double point p. The self intersection S · S must be zero since S can be pushed far off of itself. But S · S is also given by pushing S off itself using its normal bundle and counting points of intersection; the double point p provides two plus points, so there must be two other minus points.
An alternative description is an immersed 2-disk with one double point where the same push off as above leads to a framing on the bounding circle which has two full negative twists compared to the trivial framing. On the other hand, the double point can be removed by replacing the two transverse disks by an annulus, obtaining an embedded torus or punctured torus. The torus has a trivial normal bundle, so the punctured torus gets the trivial framing on the normal bundle of its bounding circle. Thus, removing the double point via the annulus changes the framing by two positive full twists.
Similarly, removing the double points using annuli all along the points of L = Y ∩(F ×I) changes the framing on (say) F × 1 by 2L, meaning that the new framing on F × 1 is ν + 2L, the "2L-twist of ν" in the terminology introduced above. Thus the two framed surfaces F ν and F ν+2L are framed bordant by Y ∪ (F × I) made into an embedding by removing the double points, as above. The proof of the action lemma then shows that F ν+2L is framed bordant to 2L e· F ν , and so 2L e stabilizes F ν .
For the reverse inclusion
start with a framed link L e representing an element in F 1 (X) α . This means there is a framed bordism W µ ⊂ X × I from F ν toFν = L e· F ν . As in the proof of the action lemma, we can assume that F =F , that L lies in F where it is dual to the class in H 1 (F ; Z) that measures the difference betweenν and ν, and that the framing e on L is induced from ν. We must find a closed 3-manifold Y ⊂ X such that
To construct Y , start with the 3-cycle V = W − (F × I). Since W and F × I have the same boundary, this cycle is homologous to an embedded 3-manifold in X = X×1/2, which can be assumed transverse to F . We let Y be any such 3-manifold, and set J = Y ∩ F .
It remains to show that 2J is homologous to L in X, or equivalently in X × I. Working in H 1 (X × I), it is clear that V 2 = V · V = 0, since V is homologous to a submanifold of X × 1/2. But this self-intersection can also be computed in terms of intersections of the relative cycles W and F × I, as follows:
Here it is understood that when computing intersection numbers in X ×I, we always use ν andν to start the push off along the boundary. With this understanding we have W 2 = 0, and so
Now it is clear that the left hand side is represented by 2J, while the right hand side is represented by L. Hence 2J and L are homologous, and the theorem is proved.
Remark 2.2. The group F α 1 = coker(τ α ) featured in Theorem 2 can be computed in terms of the group U α 1 = coker(2 i α ), where i α is the (unframed) intersection map
For example F α 1 ∼ = U α 1 when X is odd, since the forgetful map h 1 is then an isomorphism. If X is even, then the sequence (e) in Theorem 1 induces a commutative diagram
with exact rows and columns. Note that u α 1 is zero precisely when u 1 (1) = [U 1 ] ∈ im(τ α ) (recall that U 1 is the 1-framed unknot), or equivalently, when α is a twisted class (see Section 0). Hence F α 1 ∼ = U α 1 when X is of type III 1 and α is twisted. In all other cases (X of type II or type III 2 , when there are no twisted classes, or of type III 1 with α untwisted) the group F α 1 is a Z 2 -extension of U α 1 , via the exact sequence
2 this extension is classified by the homomorphism Tor 2 (U α 1 ) → Z 2 with kernel p(S 1 (X)), where S 1 (X) ⊂ H 1 (X) is the subgroup of split classes. It follows that if X is of type II, then the extension splits (since T 1 (X) = Ø), so F α
This can also be seen directly from the diagram above, since h 1 splits by Theorem 1, and so h α 1 splits as well. In contrast, if X is of type III and α is untwisted, then the extension does not split, since im(2i α ) will then contain some twisted 1-dimensional classes. Example 2.3. Let X be simply connected. Then H 1 (X) and H 3 (X) = 0.
If (the intersection form on) X is definite, then H • 2 (X) = {0}, that is, only the trivial homology class has self-intersection zero. Therefore
according to whether X is odd or even (= spin, since X is simply connected). Here the symbol ∼ = indicates torsor equivalence, so in the even case there is no a priori way to distinguish between the two homotopy classes of maps X → S 2 . In this case, however, it is natural to associate the constant map with 0 ∈ Z 2 (as is the case more generally for
. If X is indefinite and odd, then it is homotopy equivalent to p CP 2 # q CP 2 for some p, q > 0. In this case H • 2 (X) is infinite, but each of its elements has a unique associated homotopy class of maps X → S 2 since F 1 (X) = 0. Thus
The problem of enumerating the classes in H • 2 (X) is a classical and generally intractable number theoretic problem; these classes correspond to the different ways that integers can be expressed simultaneously as the sum of p squares and as the sum of q squares.
There is a similar story in the indefinite and even case, except that now each class in H • 2 (X) has exactly two corresponding homotopy classes of maps to the 2-sphere, since
as sheaves of torsors. This means that there is no natural way to distinguish between the two homotopy classes of maps X → S 2 associated with each nonzero class in H • 2 (X). Example 2.4. Let X = Y × S 1 , where Y is a closed, oriented 3-manifold. By the Künneth theorem, there is a natural isomorphism
for all k, with integer coefficients understood as always. Elements in the first summand correspond to k-manifolds in Y × pt, while those in the second correspond to products of (k − 1)-manifolds in Y with the circle.
In particular, we will identify elements α ∈ H 2 (X) with pairs (β,
It follows that X is spin, since H 2 (X) is generated by elements of the form (β, 0) and (0, γ) which have self-intersection zero in X, even allowing Z 2 coefficients.
We wish to compute the fiber
by Remark 2.2, since X is spin. Thus it suffices to compute coker(2i α ).
Recall that i α : H 3 (X) → H 1 (X) is the map that computes intersection with α = (β, γ).
sends (1, 0) to (γ, 0) and (0, δ) to (δ · β, δ · γ). Hence coker(2i α ) is isomorphic to the quotient of H 1 (Y ) ⊕ Z by the subgroup generated by (2γ, 0) and twice the image of the map
whose coordinates record intersections in Y with β and γ. In particular
Note that coker(2i γ ) = Z 2d(γ) , where d(γ) is the divisibility of γ (the largest integer d for which d · κ = γ has a solution κ ∈ H 1 (Y ), or zero if γ is of finite order).
We illustrate these computations with three cases: (a) Y is a lens space, (b) Y = S 2 ×S 1 , and (c) Y is the 3-torus:
for any k ∈ Z p . This is an instance of the case (0, γ) above in which i γ = 0.
consists of all integral multiples of σ or τ , and
for any integer d (cf. Example 6.11 in [22] ). 
, where d is the divisibility of α in H 2 (T 4 ) . Example 2.5. To conclude, we describe a 4-manifold of type III 1 , that is, an even non-spin 4-manifold X that has at least one twisted 2-dimensional homology class α (see Section 0). By Remark 2.2, the associated fiber F α = h −1 2 (α) is in one-to-one correspondence with the cokernel of 2i α : H 3 (X) → H 1 (X). This shows that the last case discussed in Remark 6.8 in Taylor [22] is indeed realized by a 4-manifold.
We construct X by surgering the connected sum E 2,1 # (T 2 ×S 2 ) along the curve C # J, where C generates H 1 (E 2,1 ) = Z 2 and J is an essential curve in T 2 × pt. A handlebody for X, minus the 3 and 4-handles, is shown in Figure 6 , where C can be taken to be the core of the obvious Möbius band M bounded by the attaching circle of the 1-framed 2-handle (on the left). 
The intersection pairing on H 2 (X) vanishes except for α 2· α 3 = 1, and so
The intersection pairing between H 2 (X) and H 3 (X) vanishes except that α 2· τ = κ 1 , since (T 2 × pt) ∩ (J × S 2 ) = J which is isotopic to C via the surgery. Since 2κ 1 = 0, the map 2i α is zero for all α ∈ H 2 (X), and so coker(2i α ) = H 1 (X) = Z 2 ⊕ Z for all α. Now observe that κ 1 = [C] is twisted. Indeed C is characteristic in an RP 2 -section of the bundle E 2,1 (the union of M and the core of the 1-framed 2-handle in the picture) and this section has odd self-intersection. Hence w(C) = 1 by equation (w) in the proof of Theorem 1, where w is the characteristic functional, and so κ 1 is twisted.
It follows that X has (infinitely many) 2-dimensional twisted classes, namely all classes α = (a, b, c) in H 2 (X) with b odd and c = 0. For each of these,
Proof of Theorem 3
For a topological group G, Milnor [15] constructed a space BG, together with a principal G-bundle EG → BG such that the homotopy groups of EG vanish. This implies by obstruction theory that isomorphism classes of G-principal bundles over a CW-complex X are in 1-1 correspondence with [X, BG].
Given a closed subgroup T < G, we can form the associated bundle
with fiber G/T . The total space is homeomorphic to EG/T and since T is closed, the projection EG → EG/T is a principal T -bundle. By the weak contractibility of EG, the space BT := EG/T is a classifying space for principal T -bundles (over CW-complexes).
Summarizing, we have a fiber bundle
as claimed in the introduction. Since fiber bundles are Serre fibrations, the usual homotopy lifting theory gives an "exact sequence" for any CW-complex X:
Here we fix a map u : X → G/T and consider its imageū : X → BT , whose further image under π is a constant b ∈ BG. Exactness means that the group [X, LBG] b acts transitively on the fiber h −1 (ū) with stabilizer of u the image of the map induced by Lπ. Here LBT is the free loop space of BT and the subscriptū indicates that the maps start and end atū, and similarly for LBG.
Encouraged by the referee, we add a short proof of this "exact sequence" for any Serre fibration π : E→B (in place of BT → BG).
Proof. Given a Serre fibration E π → B with fibre F over b ∈ B, there is an "exact sequence"
in the following sense: For a fixed e ∈ E with π(e) = b, the group π 1 (B, b) acts transitively on h −1 (e), with stabilizer of e equal to the image of π 1 (E, e) under π * . This follows from the lifting properties of Serre fibrations, applied to intervals and squares.
We next recall a useful tool, namely Steenrod's convenient category CG of compactly generated Hausdorff spaces [21] . A topological space is compactly generated if a subset is closed provided its intersection with any compact set is closed.
It is even more convenient to use Rainer Vogt's (full) subcategory HG ⊂ TOP which contains CG. He shows in [24, 1.4] that the inclusion has a right adjoint k : TOP → HG where k(X) is a finer topology on the underlying set of a topological space X. In fact, k(X) is the finest topology such that any continuous map K → X from a compact Hausdorff space K factors through the identity k(X) → X.
These categories are convenient for various reasons, one being that [24, 3.6 ] the canonical adjunction maps are homeomorphisms whenever X, Y ∈ HG:
Here ⊗ denotes the categorical product in HG and B X is the set of all continuous maps X → B, equipped with the topology given by applying the functor k to the compact open topology. It is important to recall from [24, 3.11 ] that for (locally) compact spaces Y , the categorical product X ⊗ Y is actually just the cartesian product X × Y .
We note that any CW-complex X is Hausdorff and compactly generated and therefore X ∈ CG ⊂ HG. Take our Serre fibration π : E → B and consider the induced map
The crucial claim that this is again a Serre fibration: By the above adjunctions, lifting maps from a finite CW-complex D → B X over E X is the same as lifting maps from D × X → B over E. Since D × X is again a CW-complex, our crucial claim follows from the facts that
• crossing with X preserves acyclic cofibrations, and
• it suffices to check the lifting conditions for Serre fibrations on finite CW-complexes. Now we apply our baby version of the "exact sequence" (for π 1 and π 0 ) to this new Serre fibration π X : E X → B X and get our desired sequence: We thus only need to identify the stabilizer from the general theory with the one claimed in Theorem 3. For this purpose, recall the homotopy equivalence of LBG with the associated bundle with respect to the conjugation action of G on itself:
LBG ≃ EG × (G,conj) G This is compatible with the projection map to BG = EG/G and follows from playing with the commutative diagram above. Applying the same discussion to BT , we see that the relevant map Lπ : LBT → LBG can be replaced by a map EG × (T,conj) T −→ EG × (G,conj) G . Here u(x) ∈ G is a momentary lift of u(x) ∈ G/T , needed to do the above manipulations. However, the element u(x)v(x)u(x) −1 ∈ G makes sense again without this choice because T is abelian. This leads to the formula in Theorem 3 for the stabilizer of the [X, G]-action and hence completes our proof.
Proving Theorem 2 from Theorem 3.
We conclude by indicating how the special case (G, T ) = (S 3 , S 1 ) of Theorem 3 yields an alternative proof of Theorem 2.
It follows that Q is a regular value for f · g, and that (f · g) −1 (Q) = F ∪ T where T is the 2-torus f −1 (Q) ∩ N K (now viewing Q ⊂ S 3 ). Furthermore, the framing on T given by the Pontryagin construction is specified by any pushoff f −1 (C) ∩ N K , where C is a Hopf circle in S 3 other than P or Q. But this is the same framed peripheral torus T τ (e) for K that arises in defining the action of K e on F ν (see Figure 4) . Since f · g = g near F , the framing on F is identical in both constructions. This completes the proof.
